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An Infinitethermodlagtic Long Annular Cylinder with Variable Thermal Conductivity
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Abstract: A model of theory of generalized thermoelasticity with one relaxation time will be constructed
considering the thermal conductivity to be variable and will be applied to an infinitely long annular cylinder
whoseinner surfaceis traction free and subjected to athermal and mechanical shocks, while theouter surface
istraction free but thermally isolated. Laplace transform techniques are used and the solution in the Laplace
transform domain is obtained by using a direct approach. The inverse of the Laplace transform is done
numericaly using a method based on Fourier expansion techniques. Theresults forthetemperature increment,
the stress components and the displacement component are illustrated graphically.
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INTRODUCTION

The classical uncoupled theory of thermoelasticity
predicts two phenomena not compatible with physical
observations.First,theequationof heat conductionofthis
theory does not contain any elasticterms.Second,theheat
equation is of aparabolic type, predictinginfinite speeds
of propagation for heat waves.

Biot'™ introduced the theory of coupled
thermoelasticity to overcome the first shortcoming. The
governing equations for this theory are coupled,
eliminating the first paradox of the classical theory.
However, both theories share the second shortcoming
since the heat equation for the coupled theory is also
parabolic.

Two generalizations to the coupled theory were
introduced. The first is due to Lord and Shulmant?, who
obtained awave-typeheat equation by postulating anew
law of heat conduction to replace the classical Fourier's
law. Sincethe heat equation of thistheory is of thewave-
type,itautomatically ensures finitespeeds of propagation
for heat and elastic waves. The remaining governing
equationsforthis theory, namely, the equati ons of motion
and constitutive relations, remain the same as those for
the coupled and the uncoupled theories.

The second generalization to the coupled theory of
elasticity is what is known as the theory of
thermoel asticity withtwo relaxation times orthetheory of
temperature-rate-dependent thermoel asticity. Miillerd®, in
a review of the thermodynamics of thermoelastic solids,
proposed an entropy productioninequality, with thehelp
of which he considered restrictions on a class of
constitutiveequations. A generalization of this inequality

was proposed by Green and Laws!. Green and Lindsay
obtained an explicit version of the constitutiveequations
in®®. Theseequati onswereal soobtai nedindependently by
Suhubi®. Thistheory contains two constants that act as
relaxation times and modify all the equations of the
coupled theory, not only the heat equation. The classical
Fourier's law of heat conduction is not violated if the
mediumunder consideration has a center of symmetry.
Eraby and Suhubi™ studied wave propagation in a
cylinder. Ignaczak® studied a strong discontinuity wave
and obtai ned adecomposition theorem®. Ezzat!*” has al so
obtained the fundamental solution for thistheory.

Modern structural elements are often subjected to
temperature changes of such magnitudethat their material
properties may no longerberegarded as having constant
values even in an approximate sense. The thermal and
mechanical properties of materials vary with temperature,
so that thetemperature dependence of material properties
must be taken into consideration in the thermal stress
analysis of these elements™*2,

Some problems have been solved by Sherief and.
Megahed™, Sherief and Kama*®, E-Magrby and
Y oussef*® | El-Bary and Y ousseft*” .

Int*® Youssef and El-Bary discussed the thermal
shock problem to the general case with variable thermal
conductivity .

In this work, we shall construct a new model of
theory of generalized thermoel asticity withonerelaxation
time considering the thermal conductivity to be variable.
We consider an infinitely long annular cylinder whose
inner surface is traction free and subjected to a thermal
shock, the outer surface is alsotraction freebut thermally
isolated and the mediumparametersquiescentinitial state.
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Laplace transform techniques are used. The inverses
L aplace transforms are obtained numerically.

The Gover ning equations.
The heat equation!**:

(Kq i )'i = gi"'t
where, and

T-T,|=q K=K)=K,L+K,cnd rCf%

K is called the thermal conductivity (K, is a small value)
and k isthe diffusivity (assumed to be constant).

glt

let themapping J = —6((q C[)dqd: [11],
o 0

oigr Cq +gToé] i=1,2,3 @
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we get ~—q +gT, eH @

then, we haveK J ; [K q)} Jn addition K J = K(q)q
Hence, the heat equation will take the form

éq 112 ‘éJ L9T u
Jiza—+t,— =€ . 3
CETTrEC K X
The equations of motion [11]

i =( +mu,; +mu - ga; +rF, )

whereJ =q +%q?and J, =q,(1+Kg),

Then, we have,
neglecting the small values and the body forces, we get

J;
rU _(I +m)ujjl+rm|“ gl Klq rl:i
The constitutive relation
sij=2 me;+(l ew-9a)d;ij. )

where ? is the density, t is the time, T is the absolute
temperature, ? , U are Lam€s constants, T, is the
relaxation time, C° is the specific heat at constant
deformation and 9 :(3| +2ma, where a, is the
coefficient of linear thermal expansion.

Formulation of the Problem: we consider an infinitely
long annular cylinderwhose inner surface istraction free
and subjected to athermal shock, while the outer surface
alsoistractionfreebut thermally isolated. we assume al so
that there are no external body forces or heat sources
acting in the medium.

we use a cylindrical system of coordinates (r,y,z)
with the z-axis lying along the axis of the cylinder.

Due to symmetry, the problem is one-dimensional
with al the functionsconsidered depending on the radial
distancer and thetimet.

The displacement vector has the components

u=u(r,t) u, (rt)=uyr,t)=0 0

From equation (3), the heat equation takes the form
_ef ﬂ LEJ gT u

N , 8
B TR T “
2
where N —ﬂ—2+ll
e rqr
from equation (5), the equation of motion hasthe form
e 1J
= +2m)—-g—, 9
(+2mis- o ©
where e:l‘ﬂ_(ru), 19
r qr

and fromequation (6), the constitutive equations take the
forms

s”:2mﬂ_u+| e' ng (11)
Ir
u
=2 | e-
S,y mr—+ e- oJ, (12
s, =le-d (13)
Szr:Syr:Szz:O- (14)

we will use the following non- dimensional variables

=0T 0=0Y 3r=d yeuCt ¢Clo =S
k’ K T, k "k m
kq cR
¢: R¢__
a cK,T, k
Y J1/2
Whereg——,b=a$+2m_g,}/ c=aé—aﬁd—+2mg
; mgs  ET 5
T
and a:%

Using these non-dimensional variables, the above
equations teke the form (dropping the primes for
convenience)

q2, _ €1
NJ_gﬁ ﬂZHJ ge] (15
fe- afty =18 (16)
1t
bzg Ut (o= 2)_ N (17)
, =(o> 2)_+ bzﬂ- b, (18)
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=(b?- 2)e- b3, (19)
_ 11 (ru)
o= T (20)

Formulation in the Laplace Transforms Domain:
Taking the Laplace transform of both sides of equations
(15)-(19), we obtain

[Nz- (s+t 05;2)]\]_: g(s+tosz)é (21
(N2- &)e=af?d 2)
s :bz%+(bz- 2)2- by 23
5, =(b* 2)2?+b2T-bJ (2

=(b2- 2Je- b3 (25)

Eliminating &rom equations (15) and (16), we get
[N“— [52 +(1 +e)(s+t 052)],|§I2+ 52(s+t 082)]J_= (6205

wheree = ag
In a similar manner, we can show that e satisfies
the equation

[N [+ (1+€) (s+t 2 )|N2+ s+t s2Je =0.2D)

The solutions of equations (20) and (21) bounded at
infinity can bewritten inthe form

_:é. A (piz_ Sz)Ko(pir)+3(pi2- Sz)lo(pir) (28)

where K,() and I,(.) are the modified Bessel
functions of the first and the second kinds of order zero.
A, A,, B, and B, are all parameters depending on the
parameter s of the Laplace transform pf and pgare the
roots of the characteristic equation

pt-[s +(1+e)s+t &) p2esis+t, 2)=0 (29
Using equation (22), we obtain
2
é:aé A pi2 Ko(pir)+B| pizlo(pir) (30)
i=1

Substituting from equation (30) into the Laplace

transform of equation (20), we obtain

2
j— [<]
U=ad - A p K(pr)+B p L(pr) (3

i=1
where K,(.) and I,(.) are the modified Bessel function of
the first and the second kinds of order one.
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In deriving equation (31), we have used thefollowing
well-known relation of the Bessel function

(2K, (2)d z=-2zK,(z),

Finally, substituting from equations (28), (30) and
(31) into equations (23)-(25), we obtain the stress
components intheform

/)

_rr _aaA %ZSZK pl )+

i=1

p,

i(p

e

+B%7 5, (pr)- iu(pi @
é r u
5, =23 A (b2~ p)Kolpr)- p‘ Kilp 1 )H
B.ébzsz- o2 (pr)- 22 (pf)§(33)
5.=ad A (b?s - 2) K, (pr) +B,(b 22~ 2)p?lo(pir)
(34

In order to evaluate the unknown parameters we will
use the boundary conditions on theinternal surface,
r = Rand the outer surface, ' = Rwhich are given by
(1)- Thermal boundary conditions

I- Theinternal surfa&&& R is subjected to athermal
shock in the form

a(Rt)=q, H(thence, we have T(Rg=Z
s

(39
K; 0
whered = gﬁ —0, 0"
e 2 g
[I- The outer surfacer = R, isthermally isolated, i.e.
at r = R, we have not any heat flux.

we will use the generalized Fourier law of heat
conduction in non-dimensional form, namely

qr +toﬂqr =- ﬂ\] )
it 1 13
taking Laplace transform, we obtain g, =- —_—
1+t s qr
Now, from the conditionat ' = Ry have T, =0.
J(R,s
Finally, we get %m (36)

(2)- Mechanical boundary conditions
The internal and the outer surfaces r = Rand r = Rjs
traction freei.e.

5.(R,s)=
5. (R.s)=

(37)

(33
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Using equations (28), (32) and equations (35)-(38),
we obtain the following system of linear algebraic
eguationsin the unknown parameters A, A,, B, and B,

& A(pt- s )Ko(pR)+B (Pt - )1o(pR)=2

2 (39)

zfaA <o(pR)+2 TKilp RJ
+B.gbzszlo(p,R1)-ﬂ|1(plRl)g:o (40)

e R1 1]

é' A(pz' Sz)piKl(piRz) +B(pi2_ ) |1(QR2):0 )

i=l , (41)

8 4Bk, (pr) 22K nR),

+BD?1,(pR)- 221 (p R )= 142
€ R a

Equations (39)-(42) constituteasystem of four linear
equationsin the fourunknown parameters A; and B, i=1,2,
whose solution complete the solution of the problem in
the Laplace transform domain.

AfterobtainingJ, the temperature increment g can be
obtained by solving equation (8) to give

_-1+.f142K,]
K, '
Inversion of the Laplace Transform: In order to invert
the Laplace transform, we adopt a numerica inversion
method based on a Fourier series expansion*?
By this method the inverse of f(t) the Laplace
transform f (s)is approximated by
ft)= et—c aef(c)+ Rla f gc+ tkp 9@<p

1

aekpu, o<t <2t,

a0

where N is a sufficiently Iarge integer representing
the number of terms in the truncated Fourier series,
chosen such that

exp(ct) Rl f§c+%°ex Nadhialie

_u£e

where e, is a prescribed small posmve number that
corresponds to the degree of accuracy required. The
parameter ¢ is a positive free parameter that must be
greater than the real part of al the singularities of f(s).
The optimal choice of ¢ was obtained according to the
criteria described in™,

Numerical Results: The copper material was
chosen for purposes of numerical evaluations.
The constants of the material were taken as
follows:

K, =386 a, =1.78(10)° c. =3.83.1 m=3.86(10)"

| =7.76(10)° r =8954b* =4 T =293 b=0.042

g=161t,=002R =1R,=1q,=1 K, =-0.

a=0.0105
1.2,
14.
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Fig. 1: The temperature distribution.
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Fig. 2: The displacement distribution.
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Fig. 3: Theradial stressdistribution.
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Fig. 4: The transeverse stress distribution.
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The computations were carried out for one value of
time, namely for t = 04. The results are illustrated
graphically in figures (2), (3), (4), and (5) for the
temperature increment g, theradial stress component s,,
the transverse stress component s,, and the radial
displacement component u, respectively.
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